Abstract. In this paper we prove Hasse local-global principle for polynomials with coefficients in Mordell-Weil type groups over number fields like S-units, abelian varieties with trivial ring of endomorphisms and odd algebraic K-theory groups.
Introduction. Mordell-Weil type groups.
We say that Hasse principle holds for f ∈ Z[x] when the following statement is true: f has an integer root if and only if it has a root over Z/p for almost all prime numbers p. Hasse ( [5] ) has proved, correcting a statement by Wegner, that if f ∈ Z[x] is irreducible and has a root over Z/p for almost all prime numbers p then it has a rational root (later Fujiwara has obtained this result for some families of reducible polynomials, see §1 of [4] ) thus the principle holds for irreducible monic polynomials with integer coefficients.
The main aim of this paper is to extend Hasse principle to polynomials with coefficients in Mordell-Weil type groups (Theorem 1). As a by-product of the proof, we obtain a dynamical principle, answering a question by Silverman (Corollary 3).
For the purpose of this paper we define Mordell-Weil type groups via the following abstract nonsense axiomatic setup:
Let B be an abelian group and r v : B → B v be family of groups homomorphisms indexed by the set of primes v in a number field K whose targets B v are finite abelian groups. We will use the following notation: P mod v denotes r v (P ) for P ∈ B P = Q mod v means r v (P ) = r v (Q) for P, Q ∈ B Λ tors the torsion part of a subgroup Λ < B ord T the order of a torsion point T ∈ B ord v P the order of a point P mod v l k n means that l k exactly divides n, i.e. l k | n and l k+1 ∤ n where l is a prime number, k a positive integer and n a natural number. We impose the following two assumptions on the family r v : B → B v : A1 Let l be a prime number and (k 1 , . . . , k m ) a sequence of nonnegative integers. If P 1 , . . . , P m ∈ B are points linearly independent over Z then there is a positive density set of primes v in K such that l
This axiomatic setup holds for the following families of groups (see e.g. [1] ):
• R
Main results.
Before formulating our main theorem we define the greatest common divisor of a polynomial with coefficients in Mordell-Weil type groups. Let
be polynomial with coefficients P 0 , P 1 , . . . , P d ∈ B. Denote the order of the group B tors by t and write tF (n) = f 1 (n)G 1 + . . . + f i (n)G i for linearly independent points G 1 , . . . , G i ∈ B and nonzero polynomials f 1 , . . . , f i ∈ Z[n]. We define the greatest common divisor of F to be gcd(f 1 , . . . , f i ) when tF = 0 and 0 when tF = 0.
We say that Hasse principle holds for F when the following conditions are equivalent: C1 For almost every v there exist a rational integer n and T ∈ B tors such that
C2 There exist a rational integer n and T ∈ B tors such that
Theorem 1. Hasse principle (as presented above) holds for F if and only if Hasse principle (as presented in the Introduction) holds for the greatest common divisor of F .
Proof. Every r v is homomorphism so condition C2 implies C1 thus it remains to investigate the converse implication.
If all P 0 , P 1 , . . . , P d are torsion then the result follows immediately from Assumption A2. So suppose one of them is nontorsion.
Following the notation in the above definition of the greatest common divisor we multiply (1) by t and get that for almost every v there exists a rational integer n such that
We have to analyse when there exists a rational integer n such that
Let us first consider the case i = 1. Rewrite (2) as
By Assumption A1 for every prime number l there are infinitely many v's such that l | ord v G so by (3) there exists a rational integer n such that l | f (n) thus f has an integer root if and only if Hasse principle holds for f .
For the proof in the case i > 1 rewrite (2) as
Applying Lemma 5 to polynomials g 1 , . . . , g i we can assume without the loss of generality that for almost every prime number l there exist rational integers m 2 , . . . , m i such that the polynomial
The points G 1 , . . . , G i are linearly independent so are the points
and by Assumption A1 there are infinitely many v's such that (4) there exists a rational integer n such that l | gcd(f 1 , . . . , f i )(n) hence gcd(f 1 , . . . , f i ) has an integer root if and only if Hasse principle holds for gcd(f 1 , . . . , f i ).
Remark 1. By the result of Hasse and Proposition 2 in [4]
Hasse principle holds for all polynomials with coefficients in Mordell-Weil type groups whose greatest common divisor is a monic polynomial of degree ≤ 4. This is no longer true if we increase the degree or drop the assumption of monicity.
The polynomials f (n) = (n 3 − 19)(n 2 + n + 1) and f (n) = (n 2 − 13)(n 2 − 17)(n 2 − 221)
has no integer root but has a root modulo every integer.
Remark 2. In view of the original Hasse principle one may ask if it is possible to fix a torsion point in Theorem 1 when the group B tors is nontrivial, i.e., whether we have equivalence of the following statements:
• For almost every v there exists a rational integer n such that
• There exists a rational integer n such that
Analysing the proof of Theorem 1 we see that the answer is positive for polynomials of the form
. . , G i are linearly independent points such that Hasse principle holds for the greatest common divisor of F .
However, the answer is negative in general. In fact for every group B with a nontorsion point P and nontrivial torsion subgroup we can construct a counterexample of arbitrary degree d ≥ 2. Indeed, let P ∈ B be nontrosion and T ∈ B be torsion with ord T > 1. Consider the polynomial
For every rational integer n we have F (n) = T but for every v there exists a rational integer n such that F (n) = T mod v. Indeed, for every v fix natural numbers k, l such that gcd(l, ord T ) = 1 and ord v P divides l(ord T ) k . Our n is a solution of the following system of congruences
Observe that F (0) = 0 so this example does not collide with Theorem 1.
As for the case of degree 1 polynomials, note that the condition P + nQ = 0 equals P ∈ Q where Q denotes the subgroup of B generated by Q. We treat this case in the next Remark.
Remark 3. Theorem 1 might be viewed as a variation of principles known as detecting linear dependence addressed recently in numerous papers; we do not discuss them here and refer to [1] instead. Let us shortly say that they are local-global principles for the statement P ∈ Λ where P ∈ B and Λ is a subgroup of B. In all results of this kind P was assumed to be nontorsion; however in regard to the counterexample constructed in the previous remark we should note that this assumption is not necessary as we demonstrate in the Proposition below.
Proposition 2. Let P be a point in B and Λ a subgroup of B. Then P ∈ Λ if and only if P ∈ Λ modulo almost all v.
Proof. The statement is known for P nontorsion (see the Theorem in [1] ) thus it remains to prove it for P torsion. (⇒) Every r v is homomorphism so if P ∈ Λ then P ∈ Λ modulo v. (⇐) Let k be the least natural number such that kP ∈ Λ tors . If k = 1 we are done. So suppose k ≥ 2. For every T ∈ Λ tors we have k | ord(T − P ). Fix a prime number l dividing k. Let G 1 , . . . , G h ∈ Λ be linearly independent points that together with points in Λ tors generate Λ. By Assumption A1 there is a positive density set of primes v such that l does not divide ord v G i for i = 1, . . . , h hence by Assumption A2 it follows that P / ∈ Λ modulo v for almost all such v's.
A dynamical result.
In regard to Proposition 4 of [2] , Joseph Silverman asked about local-global principle for sequences of the form
where ϕ is an endomorphism (i.e., multiplication by an integer in case of Mordell-Weil type groups we deal with in this paper) and F a polynomial with coefficients in MordellWeil type groups. We answer to the question with the following Corollary. 
C2 There exist a rational integer a and T ∈ B tors such that
Proof. Observe that condition C2 always implies condition C1. Indeed, let a be a rational integer such that F (a) = T for some T ∈ B tors . Denote the exponent of the group B mod v by e v . Then we can take n to be a mod e v . So we are reduced to investigation of the implication C1 ⇒ C2. But this we get rewriting the proof of Theorem 1 omitting l's dividing ϕ. Proof. If one of f, g has no root we are done. So suppose that both f, g have a root. Since by our assumption f, g have no common root the set
has at most p − 2 elements. If S = ∅ then put h = f + g. If S = ∅ consider the set Proof. The proof is by induction on k.
Basis: If f 1 , f 2 ∈ Z[x] are coprime then for almost every prime number p they have no common root over F p and we apply Proposition 4.
Inductive step: Suppose that the Lemma is true for k−1. Denote w = gcd(f 1 , . . . , f k−1 ) and for every i ∈ {1, . . . , k − 1} write f i = wg i . Since gcd(g 1 , . . . , g k−1 ) = 1 then by the assumption for almost every prime number p there exist a 1 , . . . , a k−1 ∈ F p such that the polynomial h = a 1 g 1 + . . . + a k−1 g k−1 has no root in F p . Since w and f k are coprime then for almost every prime number p they have no common root over F p thus neither the polynomials wh and f k have it so by Proposition 4 there exist s, t ∈ F p such that swh + tf k = sa 1 f 1 + . . . + sa k−1 f k−1 + tf k has no root in F p .
